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Abstract 

We investigate a seesaw type mass matrix Mf ~ mLMp^rriji for 
quarks and leptons, /, under the assumptions that the matrices rriL 
and m/j have common structures for the quarks and leptons, and that 
the matrix Mp characterizing the heavy fermion sector has the form 
[(unit matrix) + (democratic- type matrix)]. We obtain well-satisfied 
relations for quark masses and mixings related to the charged lepton 
masses. 
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I. INTRODUCTION 

Why is the top quark mass nit so enhanced compared with the bottom 
quark mass m^? Why is the -u-quark mass of the order of the rf-quark mass 
rrid ? In most models, in order to understand nit ^ nib. it is inevitable to bring in a 
parameter which takes hierarchically different values between up- and down-quark 
sectors. However, from the point of view of the "democracy of families", such a 
hierarchical difference seems to be unnatural. What is of great interest to us is 
whether we can find a model in which M„ and are almost symmetric in their 
matrix structures and in their parameter values. 

Recently, by applying the so-called "seesaw" mechanism [1] to quark mass 
matrix [2], the authors [3] have proposed a model which provides explanations 
of both m.t ^ m.b and ~ nid, while keeping the model "almost" up-down 
symmetric. The essential idea is as follows: the mass matrices Mf of quarks and 
leptons fi {i — 1,2,3: family index) are given by 

Mf ~ -niLMp'mR, (1.1) 

where Fj denote heavy fermions Ui, Di, Ni and Ei, corresponding to fi — Ui,di, Vi 
and Ci, respectively. They have assumed that the mass matrix niL {rriR) between fi 
{ffj) and Fr (Ft) is common to all f — u,d,v,e (i.e., independently of up-/down- 
and quark-/lepton- sectors) and is proportional to m^, i.e., niR — Km^. The 
variety of Mf (/ = u,d,v,e) comes only from the variety of the heavy fermion 
matrix Mp (F = U, D, N, E). If we take a parametrization such that the parameter 
value in the up-quark sector gives detMjy ~ 0, while, in down-quark sector, a value 
slightly deviated from that in Mu does not yield detMj) ~ any longer, the model 
can provide nit ^ f^b-, keeping the model "almost" up-down symmetric, because 
of the factor Mp^ in the seesaw expression (1.1). On the other hand, they have 
taken Mp — m^XOf as the form of the heavy fermion mass matrix Mp, where 





/ 1 ^ 




/I 1 1^ 




0/ = 


1 


+ hfe'^f 


1 1 1 


= 1 + Zhfc'^fX , 




lo 1) 




{ill} 





and A is an enhancement factor with A ^ k ^ 1. Note that the inverse of the 
matrix 0/ is again given by the form [(unit matrix) + (democratic matrix)], i.e., 

O-i = l + 3a/e^"^X , (1.3) 
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with 

a^e^"/ = . (1.4) 

Thus, we can provide top-quark mass enhancement rrit ^ in the hmit of 
fcuC*^" — > —1/3, because it leads to |at,| ^ oo. On the other hand, since a demo- 
cratic mass matrix [4] makes only one family heavy, we can keep ~ m^. 
They have taken 



niL — —mji — moZ = mo 

K 



( zi \ 

Z2 

V zs ) 



;i.5) 



where Zi are normalized as zf + Z2 + z^ — 1 and given by 



Zl 



Z2 



Z3 



(1.6) 



in order to give the charged lepton mass matrix Me for the case fee = 0, i.e., Mg — 
mo{K,/X)Z'^. They have obtained [3] reasonable quark mass ratios and Kobayashi- 
Maskawa (KM) [5] matrix parameters by taking k/X — 0.02, = —1/3, /3„ = 0, 
bd ~ -1 and /3 ~ -18°. 

However, in their study [3], the KM matrix parameters have been evaluated 
only numerically, and have not been expressed analytically in terms of charged 
lepton masses and mass matrix parameters k/X, bf and Pf. Therefore, we cannot 
see the dependencies of these parameters. For example, they predicted a value 
\Vcb\ — 0.0598, which is somewhat large compared with the recent experimental 
value [6] \Vcb\ — 0.041 ± 0.003. However, we cannot see whether the discrepancy 
is a fatal defect in this model or not. One of the purposes of the present paper is 
to express our predictions of |Vij| in terms of charged lepton mass ratios and the 
mass matrix parameters k/X, bf and f3f. Wc will obtain sum rules on quark mass 
ratios and \Vij\, which are satisfied independently of those adjustable parameters. 

Since they put stress on the "economy of adjustable parameters" of the 
model, their predictions were done by adjusting only three parameters k/X, b^ and 
Pd- As a result, some of the predictions were in poor agreement with experiment. 
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Another purpose of the present paper is to improve such disagreements by changing 
the model shghtly. We will be able to fit all the numerical predictions within 
experimental error. Also, a possible shape of the unitary triangle KidKTb + ^cdKb + 
VtdVtb = in our model will be discussed. 

II. A UNIVERSAL SEESAW MASS MATRIX WITH A DEMOCRATIC 

Mf 

In the present model, quarks and leptons /j belong to fi = (2, 1) and fn = 
(1,2) of SU(2)z,xSU(2)r and heavy fermions Fj are vector-like, i.e., Fl — (1,1) 
and Fr — (1, 1). The SU(2)i and SU(2)ij symmetries are broken by Higgs bosons 
(f)L — (0L, (Pl) ^^<i — i^R^ 0??)) respectively. We assume that these Higgs bosons 
couple to the fermions universally, but with the degree of freedom of their phases, 
as follows: 

Hvukawa = d)Li (y Li Q-^Y>{i^Li)) Jn ^Ri 

1=1 \ 4>L I 

3 _ 

+ Y^{u d)u (yuexpiiSli)) 
1=1 

+h.c. + {L^R) + [{u, d, U, D) {ly, e, N, E)] , (2.1) 

where t/Li and ym are real parameters, and they are universal for the quark and 
lepton sectors. Therefore, the mass matrix which is sandwiched by {fi, F^) and 
ifR, Fr)'^ is given by a 6 x 6 matrix 

M=| \<]^rnJ ° I , (2.2) 

where ttil = yLi{^V)^ Pl ^^^1 Pr are phase matrices given by 

P[ = diag(exp(i(5{i), exp(i(5{2), exp(i5{3)) , (2.3) 

and (2.3) with (L R), and the matrices Z and Of are defined by (1.5) and (1.2), 
respectively. The previous model [3] corresponds to the model (2.2) with Pjj = 1. 
The KM matrix parameters are dependent only on 

puipd ^ p ^ diag(e*^i , e'^' , e*^^) . (2.4) 
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Of the three parameters 5j (i = 1,2,3), only two are observable. Without loosing 
generality, we can put 6i = 0. In the present model, the nine observable quantities 
(five quark mass ratios and four KM matrix parameters) are described by the seven 
parameters (k/A, 6„, bd, Pdi ^2, ^3)- Since we put the ansatz "maximal top- 
quark- mass enhancement" according to the Ref. [3], we fix 6„ and at 6„ = — 1/3 
and /9„ = 0. However, we still possess five free parameters. In order to economize 
on the number of the free parameters, we will give some speculation on these 
parameters in the final section. On the other hand, since the phases and 5%i 
are not observable, we can put P| = = 1. 

III. QUARK MASS RATIOS IN TERMS OF CHARGED LEPTON 
MASSES 

First, let us discuss the fermion mass spectra. Note that for the case hf — 

— 1/3 the seesaw expression (1.1) is not valid any longer because of detM^^ = 
0. In Fig. 1, we illustrate the numerical behavior of fermion masses mf versus 
the parameter hf which has been evaluated from the 6x6 matrix (2.2) without 
approximation. As seen in Fig. 1, the third fermion is sharply enhanced at 6/ = 

— 1/3 for I3f — 0. The calculation for the case hf ~ —1/3 must be done carefully. 

For the case of A ^ k ^ 1, by expanding the eigenvalues mf {i = 1, 2, 3) of 
the mass matrix (2.2) in k/X, we obtain the following expressions of m{: 



2a' 




(3.1) 




1 + 



P' P{b,P) l[ ^\ 



1 +4p' 



J{b,/3)h{b,i3) 
9'{b,P) 




(3.2) 



-) +6/i(6,/3) |1 + 



\ 



1 + v 



J{h,p)h{h,p) 

9Hb,P) 



A 



+0 



A^ 



(3.3) 
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where 



a 



f{b, (3)^(1 + by - 2(1 + 26)^ - 46 (^1 - 2^J | , 



^(6,/3) = (1 + 26)2 - 2(1 + 6)(l + 36)p- 86(1 -2p) sin' ^ 



/i(6,/3) = (1 + 36)2 - 126 sin'^ 



2 ' 



(3.4) 

(3.5) 
(3.6) 



22, 22, 22 

p — Z1Z2 + Z2Z^ + Z^ Zi , 



_ 2 2 2 

CT — Z-\ ZnZo 



(3.7) 

^1^2^3 ; (3-8) 

and for simplicity we have denoted 6j and j3f as b and j3. The expUcit expressions 
of the up-quark masses at 6^ ~ —1/3 and the down-quark masses at 6^ — — 1 are 
as follows: 



3(7 / 3(7 3 \ K 

m„, ~ — 1 



" 2p r ' 4p2 2^7 A""" 2m^ A 



mc — 2p 



3a 9 / 8 
'-V-2l'-3^^^" 



-mo ~ 2—^ -mo , 
A m-r A 



1 1 1 

V3^1 + 27£2A2/k2 V3 



cr 



rrid 



I \ K 
1 + TT^d T"^0 



1 



2|sin(/3d/2)|p V 2VA ^ 2| sin(/5d/2)| m, A 



T^o , 



m,~2 h + ^£rf-2sin2^ 



. fid 




. /5d 


sm — 
2 


Pjmo ~ 2 


sm — 
2 



m^ A 



mo , 



if 1 5.0 1^ 1 

mfo ~ - 1 £d H — sm — —mo — -—mo , 

2I 2'' 2 2/A 2A ' 



(3.9) 
(3.10) 
(3.11) 

(3.12) 
(3.13) 
(3.14) 



where small parameters and Cd are defined by 



^« 3 ' 
&d = -1 + £d ■ 



(3.15) 
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Here, we have taken /9„ = 0, because top-quark enhancement is caused only for 
the case of [3^ = (see Fig. 1). For down-quark masses, we have shown only the 
expressions for ba — —1 and 1 ^ sin/?^ ^ 0, because from the numerical study in 
Ref. [3], we have seen that the observed down-quark mass spectrum is in favor of 
bd ~ -1 and Pa ~ -20°. 

The expressions (3.9) - (3.14) lead to the following sum rules which are 
almost independent of the parameters k/X, Su, Sa and (5^: 



— - 7 — > 3.16) 
rric 4m^ 



rrib rrir ' 



mams 



— 4- 



mt 



(3.17) 
(3.18) 



— ~ 3 — ~ ~ 3 



sm — 
2 



(3.19) 



The expression (3.16) has been obtained by the model M„ oc ZOj^Z in Ref. [7]. 

In the limit of unbroken SU(2)LxSU(2)ij, i.e., mi = tur = 0, heavy fermion 
masses mj?.' are given by 



mF[ = mp^ = Amo , 



(3.20) 



rriF^ = -i/l + 6bf cos (3f + 9bjXmo , 



where F- are mass-eigenstatcs for the mass matrix Mp = m^XOf given by (1.2). As 
seen from (3.20), the minimum condition of the sum of the up- heavy- quark masses 
leads to /?„ = and 6„ = —1/3. Therefore, the ansatz "maximal top- quark-mass 
enhancement" can be replaced by another expression that the parameters {bu-, /?„) 
are fixed such that the sum of the up- heavy- quark masses becomes a minimum. 
For the case of Z 7^ 0, the heavy fermion masses are given by 

m| ~ mg ~ mg ~ Amo , (3-21) 
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777.4 — — 7=1^^0 , 7775 — "^6 — '^^O , (3.22) 

v3 



7774 ~ 7^5 ~ Xmo, 7776 - 2^1 + 3sin^(/3d/2)A777o , (3.23) 

where the numbering of 777/ has been defined as m{ < ml < ml in the mass 
eigenstates F/ {i = 1,2,3). Note that only the fourth up-quark U4 (= U^) is 
remarkably light compared with other heavy fermions. The enhancement of the 
top- quark {= t) is caused at the cost of the hghtening of C/3. Since the mass 
ratio ml/m"^ is given by 

777^/777t ~ K (3.24) 

and K is of the order of m{W r) / m{W l) ■, we can expect the observation of the 
fourth up-quark at an energy scale at which we can observe the right-handed 
weak bosons Wr. 

IV. KM MATRIX PARAMETERS IN TERMS OF CHARGED LEP- 
TON MASSES 

We diagonalize the 6x6 mass matrix (2.2) by the following two steps. As 
the first step, we transform the mass matrix M (2.2) into 



M' = = ^ . (4.1) 

At the second step, the 3 x 3 matrix M/ = M[-^ with pI = ^ 1, i.e., M/ = 
P^MfP^, is diagonalized by two unitary matrices U[ and [/^ as 

U[MfU^^ = Df , (4.2) 

where Df — diag(7?7f , 7?72, ^773). The KM matrix V is given by 

V = UlPU'^j} , (4.3) 

where the phase matrix P is defined by (2.4). 

For the up-quark sector, we put an ansatz "maximal top quark mass en- 
hancement", i.e., we assume that = ~l/3 and /3„ = 0. Then, the unitary matrix 
Lf^ is given by 
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L — 



1 


Iz, 


Iz, 










1 


Z2 




Z3 


Zl 


Z2 


1 


Z3 


Z3 





(4.4) 



For the down-quark sector, we use the following approximate expression for ba 
-1, 



Zl le 



z\ le 



Zl le 



^2 2sin(/3V2) 



^2 2sin(/?V2) 
1 

Z2 2- e-'f^-i 



\ 2:3 5 — 4 cos (3(1 z^b — A cos (5^ 



23 2sin(/5d/2) 

Z2 2 - e^^rf 
Z2, 5 - 4 cos /3d 

1 



/ 



(4.5) 



Here, the expression (4.5) is valid only for a sizable value of /3d, i.e., for (^ii/^ia)^ < 
(51 « 1. 

Without losing generality, we can take 



P = diag(l,e^''^e^'^3) ^ 
so that we obtain the following KM matrix elements: 



(4.6) 



Zl 
2Z2 



.g«/3d/2 _ ^i&2 



V23^--i + 



^13-- 



Zl 
2Z3 



zj, \5 - 4 cos /3d 

9 _ p«/3d 



5 — 4 cos (3d 



(2 - e^'*^) + e 



163 



(4.7) 



(4i 



(4.9) 
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V31 ~ — 

Z3 



1 + ^ (e''' 



2 sin 



(4.10) 



Eq. (4.7) leads to 



IK,.. 



2Z2 



sm 



2 ' 



1 + 2 sm — sm 




(4.11) 



If we assume |(52| <S <S 1, we obtain the well-known formula [8] 

IK.I ^ \jmd/ms , (4.12) 

from (3.12) and (3.13). 

Since we have already known that siY?{l3d/2) ~ 0.025 from the observed 
value of ms/mc and -22/2:3 — 0.24 from the observed value of 171^/111^, we must take 
^3 — ^2 — TT in order to understand the observed value \ Vcb\ — 0.041 [6]. When we 
put S = 63 — 62 — TT {\d\ <C 1), we obtain 



\Vcb\ 2 



Z2 



sm — 
2 


. 6 
+ sm- 


rris 


1 + sin 


S , . (3d 
-/sm — 
2' 2 


V5- 


4 cos Pd 




Jl + < 


D • 2 /^d 

5 sm — 



(4.13) 



where we have used (3.10), (3.13) and (3.14). 
Similarly, we obtain 



IKbl 



Zl 



. (3d . S ^ . ^2 

sm h sm — 1-2 sm — 

2 2 2 



Z3 



V5 - 4 cos (3d 



(4.14) 



so that 



ub 



Vcb 



Zl 
2Z2 



1 + 



S2 

2sin- 



. Pd . S 

sm h sm - 

2 2 



2mr 



1 + 



S2 

2sin- 



. /9d . (5 

sm h sm - 

2 2 



(4.15) 



10 



or 



ub 



Vr 



do 



~ w 



sm 



/3d 



1 + 



2 sm — * 
2 

. /3d . ^ 
sm- + sm-y 



(4.16) 



For we obtain 



I4d - — 

^3 



sm ■ 



1 + 



. /3d 
sm — 
2 



(4.17) 



or 



td 



do 



IK. 



1 I o • 2 /3d 

1 + 8 sm — 



1 + sm — + 2 sm — sm 62 



(4.18) 



The rephasing invariant J [9] is expressed in terms of \Vij\ as follows [10]: 

J' = iKsl'iKbl'iKbl' (1 + \Vusf - \Vebf - Uj) 



\Vus\w - (iK.r + iK.r) iK.r + (i - iK^r) 



where 



W — iKdl^ — \Vusf — \Vtsf — \Vcbf — \Vubf — \Vtdf 



(4.19) 



(4.20) 



By using (4.18), i.e., iK^p ~ iKsPlKfeP, and the observed relation |\4sP ^ 
iKftP ^ iKfeP, we obtain 



\J\ 



\ 



(4.21) 



V. NUMERICAL RESULTS OF THE KM MATRIX PARAMETERS 

In the previous section, we have obtained approximate expressions for the 
KM matrix elements \Vij\. The results for \Vcb\ and \Vtd\, i.e., (4.11), (4.13) 

and (4.17) are in excellent agreement with the results from numerical evaluation of 
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the 6x6 mass matrix (2.2). However, for the matrix element \Vab\, the numerical 
value of (4.14) is somewhat in disagreement with that which is directly evaluated 
from the diagonalization of the 6x6 mass matrix (2.2). This means that the 
approximate expressions (4.4) and (4.5) are not sufficient to evaluate a small mixing 
element such as \Vub\. However, the expression (4.14) is still useful for describing 
the dominant behavior of \Vub\- 

In order to complement the study of the previous section, in the present 
section, we shall present a numerical study of the 6x6 mass matrix (1.4). The 
results for the mass eigenstates given in Sec. HI are vahd with good accuracy, 
so we confine our numerical study to that of the KM matrix parameters (for the 
numerical study of the mass eigenvalues, see Ref. [3]). 

As the numerical inputs, according to Ref. [3], we use «;/A = 0.02, = — 1/3, 
Pu — 0, bd — —I and Pa — —18°, which are required for a reasonable fit with the 
observed quark masses. Our interest is in the behavior of \Vij\ versus the phase 
parameters 82 and ^3 defined by (2.4), because in the previous study [3], the degree 
of freedom of the phases (^2, ^3) was not taken into consideration. In Fig. 2, we 
illustrate the allowed regions of (^2, S3) which give the observed values of \Vus\, \Vcb\ 
and \ Vub\ [6]: 

\Vus\ = 0.2205 ±0.0018 , 

iKil = 0.041 ±0.003 , (5.1) 
IWKbl =0.08±0.02 . 

We have two allowed regions of (^2, ^3): we obtain the predictions 

\Vus\ = 0.2195 , \Vcb\ = 0.0388 , iKbl = 0.0028 , 

IWKbl = 0.072 , iV^dl = 0.0105 , J=-1.7xl0-^ (5.2) 
for (^2, S3) = (0°, 186°) and 

IK.I = 0.2211 , \Va,\ = 0.0411 , \Vub\ = 0.0027 , 

\Vub/Vcb\ = 0.065 , \Vtd\ = 0.0092 , J = -2.3 x 10"^ , (5.3) 

for {62, S3) = (4°, 208°). In the latter case (^2 = 4°), we have taken such a value of ^3 
at which the Wolfenstein parameter [11] p [which is defined by Vub = iKi^HKfeKp — 
irj)] takes dp/dS3 = by way of trial. 
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In Fig. 3, we show the possible unitary-triangle shape of the present model 
on the (p, 1]) plane. The vertex (p, rj) moves on the circle which is denoted by 
the solid line in Fig. 3 according as the parameter ^3 varies from 0° to 360°. For 
reference, we have shown the constraints [12] from the observed values |\4b/Vcfe|, 
Am^^ and Ek- Both triangles which correspond to the cases {52,6s) = (0°, 186°) 
and (4°, 208°) satisfy these constraints safely. 

VI. DISCUSSIONS 

In conclusion, we have obtained relations among quark mass ratios and KM 
matrix parameters on the basis of the democratic seesaw mass matrix (2.2). The 
sum rules given in III and IV are well satisfied by the observed values. 

In the present model, there are seven parameters. Two of the seven, /3„), 
have been fixed as /?„) = (—1/3, 0) by putting the ansatz "maximal top-quark- 
mass enhancement" (or "minimal up- heavy-quark masses"). The values {bd, Pd) 
have been fixed as {bd,Pd) — (—1,-18°) from the phenomenological study [3]. 
Why does the parameter bf take be — 0, bu — —1/3 and b^ — —1? 

If we consider an SU(3)-family symmetry, the parameter bfc'/^f gives a mea- 
sure of its symmetry breaking. The symmetry is exactly unbroken for the charged 
heavy leptons Ei, i.e., m^^ = = uie.^ = Amo, in the limit of rriL — ttir — 0. 
For up-heavy-quarks, the symmetry is badly broken, i.e., mu-^ = mjj^ = Amo and 
n^Us = 0. If the values {bf,Pf) are governed by a rule, the rule should be indepen- 
dent of low energy phenomena, i.e., the values {bf,f3f) should be determined only 
by the dynamics of heavy fermions Fi, independently of that of quarks and leptons 
fi- For example, let us direct our attention to the deviation 

Amp — — — ttifs — ttifi = (^^1 + 66/ cos /3/ -I- 96j — 1^ Amo , (6-1) 
which is derived from (3.20). If we assume that Amu + Amo = 0, then we obtain 

ha = -\ [l - 2sin^ I + 2^1-isin^lj , (6.2) 

which gives hd — —1 for \l3d\ -C 1. The similar ansatz Amg -t- AmAr = 0, i.e., 
Am^v = 0, predicts 61, = or 

2 

&!/ = -- cos/?,, . (6.3) 
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The latter solution predicts b^y ~ —2/3 for \f3^\ ^ 1. 

Another interesting speculation on bf is as follows: If we plot the values of 
bf and the electric charges Qf on the {bf, Qf) plane, the points (6e, Qe) = (0, — 1), 
{bd,Qd) = {bu,Qu) = ("1/3, +2/3) take three corners of a square on 

{bf, Qf). The remaining corner is assigned to {b^, Q^) = (+2/3, 0). In other words, 
the parameter 6/ is given by an empirical relation 

Ibf ^Qf- ^Nb + {Nl - 3Nb) , (6.4) 

where Nl and Nb are lepton- and baryon-numbers, respectively. 

Whether these speculations are justified or not will be checked by seeing 
whether neutrino masses and mixings can be described by a similar model with 
bi, ~ ±2/3. A study of neutrino mixings based on the democratic seesaw mass 
matrix model will be given elsewhere [13]. 
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Figure Captions 



Fig. 1. Masses mf {i — 1, ■ ■ ■ ,6) versus bf for the case of k = 10 and k/X — 
0.02. The sohd and broken hnes denote for the cases of /3/ = and /3/ = —20°, 
respectively. The parameters k, and A are defined by (2.2). At 6/ = 0, the charged 
lepton masses mg, m^^ and have been used as input values for the parameters 
Zi- For up- and down-quark sectors, the values — —1/3 and bd — —l are chosen 
from the phenomenological study [3] of the observed quark masses. 

Fig. 2. Constraints on the phase parameters (^2, (^3) from the experimental 
values iKsl = 0.2205 ± 0.0018 (dotted lines), \Vcb\ = 0.041 ± 0.003 (solid lines) 
and iKife/Kfol = 0.08 ± 0.02 (dashed hnes). The hatched areas denote the allowed 
regions. 

Fig. 3. Trajectories of the vertex {p,i]) of the unitary triangle for the cases 
62 = 0° and 62 = 4°. The points o, O and A denote the vertex {p.i]) for 
^3 = 180°, 190°, 200° and 210°, rcspcctivly. The other parameters arc fixed to 
K = 10, k/X = 0.02, bu = —1/3, j3u = 0, 6^ = —1, and /Sa = —18° from the observed 
quark mass ratios. The solid, broken and dot-dashed lines denote constraints from 
|Kife/K:6|, I^^^Sdl ^K- The two triangles correspond to the cases {62,63) — 
(0°, 186°) and (4°, 208°), respectively 
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